It is shown that there exists an isomorphism between q-oscillator systems covariant under SU q (n) and SU q −1 (n). By the isomorphism, the defining relations of SU q −1 (n) covariant q-oscillator system are transmuted into those of SU q (n). It is also shown that the similar isomorphism exists for the system of q-oscillators covariant under the quantum supergroup SU q (n/m). Furthermore the cases of q-deformed Lie (super)algebras constructed from covariant q-oscillator systems are considered. The isomorphisms between q-deformed Lie (super)algebras can not obtained by the direct generalization of the one for covariant q-oscillator systems.
The q-annihilation operators and the q-creation operators are covariant and contravariant tensors of rank 1 under the coaction of SU q (n), respectively. It means that the transfor-
preserve the defining relations of A q (1). Here we denote the generators of SU q (n) by T = (t ij ) in matrix form and assume that t ij commute with all the generators of A q . The commutation relations of t ij are written using the R-matrix
the R-matrix is given by
e ii ⊗ e ii + i =j e ii ⊗ e jj + (q − q −1 ) i>j e ij ⊗ e ji ,
where e ij is the n × n matrix with entry 1 at position (i, j) and 0 elsewhere. The *-antiinvolution is defined by
where I is the n × n unit matrix. The quantum determinant, which is the central element of GL q (n), is defined by det q T = σ (−q) l(σ) t 1 σ(1) · · · t n σ(n) , where l(σ) is the minimal number of inversions in the permutation σ. We set det q T = 1. We also define the SU q −1 covariant q-oscillator system A q −1 by replacing q with q −1 .
in (1) . They form rank 1 tensors under the coaction of SU q −1 . We denote q-deformed objects defined for q −1 by attaching bar on their elements, e.g.
aim is to establish a relationship between A q and A q −1 . It should be noted that the
i is prevented, since it concludes an unacceptable results ; A i A j = 0, etc.
It is possible to relate the elements of A q and A q −1 so that the covariant q-oscillator system is invariant under q ↔ q −1 . We prove the following statement.
There exists an isomorphism ϕ : A q → A q −1 such that ϕ transmutes the defining relations of A q −1 into those of A q . The explicit formulae are given bȳ
where
(Sketch of Proof)
Using the properties of Γ i , we can prove the statement by direct calculations. Note that, using (1), Γ i (i = 0) is rewritten as
Γ i is not affected by the *-antiinvolution ; Γ * i = Γ i . From these facts, we obtain the useful relations
As an illustration, we take the last relation in (1)
Substituting (6) into (10) and multiplying Γ i−1 Γ i from both left and right, we obtain
Here the properties of Γ i (9) were used. Because of the identity
reads
Rearranging A † i A i , we obtain the last relation in (1). The identity (12) is proved by mathematical induction. For i = 1, the left hand side of (12) reads
Assuming that (12) is valid for Γ i , consider the case for Γ i+1
The identity (12) has been proved.
From (6) , it is obvious that ϕ is a one-to-one correspondence. In order to show that ϕ is an isomorphism, let us consider ϕ ′ : A q −1 → A q defined by
To this end, it is enough to note the relation
Therefore the statement has been proved.
It is emphasized that, in the limit of q → 1, the both hand sides of (6) are reduced to the same bosonic oscillators.
Let us next consider the q-deformed Lie algebra u q (n) which is constructed from A q .
As in the limit of q → 1, the bilinear forms of q-creation and q-annihilation operators can define u q (n),
The commutation relations among E ij 's are obtained by using (1) . In terms of the Rmatrix, (1) is rewritten as follows,
The commutation relations of u q (n) are given by
where t 1 means the transposition in the first space and ω ≡ q − q −1 . This complicated relations are reduced to the usual commutation relations of u(n) in the limit of q → 1
since the R-matrix is reduced to the unit matrix : R ij,kl → δ ik δ jl . From now on we adopt the equation (15) as the defining relation of u q (n) without the aid of covariant q-oscillator realization (13) . The Hopf algebra structure for this u q (n) is still an open problem.
The algebra u q (n) forms the SU q (n) tensor of rank (1, 1) , that is, the relation (15) is preserved by the transformation
This can be proved by direct calculation using the properties of the R-matrix i.e. (4), Yang-Baxter equation and R ij,kl = R lk,ji .
We expect that u q −1 (n) is isomorphic to u q (n) and the isomorphism is given bȳ
whereĒ ij denotes the element of u q −1 (n). However it does not hold except the case of n = 2. In order to show it, let us first consider the case of n = 2. For n = 2, (15) is reduced to [E 11 , E 22 ] = 0,
and Γ i (i = 1, 2) are restricted to the second expression in eq.(8)
It is easy to see that E 11 + E 22 is a central element of this algebra, therefore, Γ 2 is also a central element. The non-trivial commutation relations are given by
It is proved by direct calculation that the isomorphism between u q (2) and u q −1 (2) is given by eq. (17) . Here, we give only one example, the last relation of (19)
After substituting (17) into (21), we can arrange Γ i to the left of E kl by making use of (20)
where we dropped the common factor Γ −2
2 from the left, we obtain the last equation of (19) . Furthermore because of (17),
hold. Therefore the isomorphism between u q (2) and u q −1 (2) has been proved.
On the other hand, for n ≥ 3,
E ii is no longer a central element, so that the commutation relation between Γ i and E kl becomes quite complicated and the mechanism which makes u q (2) be isomorphic to u q −1 (2), namely arranging Γ i to the left of E kl , does not work. Therefore eq. (17) does not give the isomorphism between u q (n) and u q −1 (n) for n ≥ 3.
The isomorphisms discussed here can be generalized to the SU q (n/m) covariant qoscillator system B q which is generated by 2n even generators {A i , A † i , i = 1, 2, · · · , n} and 2m odd generators {B r , B † r , r = 1, 2, · · · , m}. The *-antiinvolution of a generator without dagger gives the corresponding one with dagger and vice versa. The 2(n + m) generators satisfy the following defining relations [11] A i A j = qA j A i , i < j
and their *-involution. The algebra B q forms a rank 1 tensor of SU q (n/m) . We assume that even generators B q commute with all of SU q (n/m) , odd generators of B q commute with even ones of SU q (n/m) , while they anticommute with odd ones of SU q (n/m) . The coaction of SU q (n/m) on B q is defined by
where t ij ∈ SU q (n/m) and we introduced the unified notations for B q
And p(a) denotes the parity of operator a, namely p(a) = 1 for odd a, p(a) = 0 for even a.
The R-matrix for SU q (n/m) is given by [9] 
where p(i) denotes the parity of i th basis vector. We prove the following relationship between B q and B q −1 .
There exists an isomorphism ϕ : B q → B q −1 such that ϕ transmutes the defining relations of B q −1 into those of B q . The explicit formulae are given bȳ
As in the case of SU q (n) covariant q-oscillator, the statement can be proved by direct calculations using the commutation relations among Γ i , Λ r and the generators of B q .
Because of the last relation of eq. (22), Λ r (r = 0) can be rewritten as
The *-antiinvolution does not change Λ r ; Λ * r = Λ r . Following useful relations can be shown easily
It is not difficult to prove the statement using these relations together with eq.(9). As a showcase, we consider the last relation of eq.(22). Again, we denote the generators of B q −1 by the operators with bar.
We substitute (25) into (29), then using (9) and (28) we obtain
The relation (12) was used to derive the last line. As is shown later, an analogous identity to (12) holds
Because of this identity, (30) can be rewritten
Rearranging B † r B r , we obtain the last relation of (22). The identity (31) is proved by mathematical induction. For r = 1, the left hand side of (31) reads
By definition of Λ 1 , it is obviously reduced to unity. Assuming that (31) is valid for Λ r , consider the case of Λ r+1
Therefore the identity (31) has been proved.
It can be easily seen that the map ϕ ′ : B q −1 → B q defined by
is the inverse map of ϕ, because of the relation
This completes the proof of the statement.
In this article, we have shown that, in the case of SU q (n) and SU q (n/m) , the covariant q-oscillator systems defined for q are isomorphic to the ones for q −1 . The final goal of investigation along the line presented here is to establish relationships between all kinds of q-deformed objects defined for q and q −1 . This is not a easy but a challenging problem.
As has seen in the case of q-deformed Lie algebra, the established isomorphism between covariant q-oscillators can not be generalized directly to other q-deformed objects. For the q-deformed Lie algebras, we will have to reanalyze the isomorphism based on the structure of the algebra itself without the aid of covariant q-oscillator realizations. We can mention an another example, namely extended covariant q-oscillator system. It is an algebra which consist of some copies of a covariant q-oscillator system. The mutual relationships among various copies should also be covariant under the quantum group coaction. This requirement concludes that generators of a covariant q-oscillator system do not commute with their copies, and the commutation relations among various copies becomes non-trivial. For example, commutation relations between SU q (n) covariant qoscillator system A q = {A i , A † i } and its copy {D i , D † i } are given, in terms of the R-matrix, by [12] 
It can be easily verified that (6) does not give the isomorphism between this extended A q and the one defined for q −1 , although we do not give the proof here. This is due to the additional structure given by (39), we have to take it into consideration if we wish to establish the isomorphism.
One of the most important problem concerning the isomorphism discussed here is the relationships between quantum groups defined for q and q −1 , e.g. SU q (n) and SU q −1 (n).
Unfortunately, the result of the present article seems not to be applicable to the problem. It will be a future work.
